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ABSTRACT decision, trading off certainty for waiting cost. We show that, un-

Decision making is the ability to decide on the best alternative fortunately, the complexity of this algorithm is exponential in the
among a set of candidates based on their value. In many real-worlgnumber of candidates. We therefore develop an alternative heuris-
domains the value depends on events that occur dynamically, sot'_C framework for solving the problem in which the dlfferent can-
that the decision is based on dynamically changing uncertain in- didates are solved separatfsly. We formally analyze this framework
formation. When there is a cost to waiting for more information and show that the calculations it performs are exactly correct, but
the question is when to make the decision. Do you stop and makethat It approximates the true solution by cor_13|der|ng d'ﬁefe“t poli-
the best decision you can, given the information you have so far, cies from the op_tlmal algprlthm. We_ tI_1en dlst_:uss how this f_fame‘
or do you wait until more information arrives so you can make a work translates mt_q a_sune of heuristic algorithms, dependlng'on
better decision? We propose a model that characterizes the influ-"0W @ key probability is computed. We show that the complexity
ence of dynamic information on the utility of the decision. Based of the S|mpl_est heuristic algorithm is only polynomial in the num-
on this model, we present an optimal algorithm that guarantees thePer of candldatesh. imolest heuristic algorith h imal al
best time to stop. Unfortunately, its complexity is exponential in Wﬁ com;()jare the S|mbp es}_ eurllstlg ﬁgorlt m tr? the Okpt'mﬁ ad-
the number of candidates. We present an alternative framework in gpr_lt m an two more baseline algorithms, one that ma ??t € de-
which the different candidates are solved separately. We formally ¢iSion in the beginning and the other that makes the decision after
analyze the alternative framework, and show how it leads to arangec’bta'r"ng the_ whole |nfc_)_rmat|on. We_ (_avaluate the_ algorithms in
of specific heuristic algorithms. We evaluate the optimal and the terms of qualllty.of the utility of the decision and runtime. We show
simplest heuristic algorithms through experiments, and show that that th? heuristic runs r_nu_ch fa_ster than the Opt'mal algorithm, and
the heuristic algorithm is much faster than the optimal algorithm, the utility of the winner it finds is close to the optimum.

and the utility of the winner it finds is close to the optimum.

2. RELATED WORK

1. INTRODUCTION Our work is related in some aspects to Horvitz's work [8, 7]
on decision making under bounded resources. The execution of a
task is associated with a utility and a cost depending on resources.
When the resources are bounded, the question is: What is the best
stopping point to mostly satisfy the task? Horvitz presents the use
of an expected value of computation to determine the best time to
stop. The major difference is that whereas in that work the goal
is to execute a single task, in our work we are seeking to select a
candidate out of multiple candidates. In particular, we want to do
this in a way that scales reasonably with the number of candidates.

Another class of work addresses monitoring anytime algorithms
[17], which search for the best possible answer under the constraint
of limited time and/or resources. One question for this class of al-
gorithms is how to optimally decide the time to stop. For instance,
Finkelstein and Markovitch [4] developed algorithms that design
an optimal query schedule to detect satisfaction of a given goal.
Their aim is to minimize the number of queries (which are time
consuming) to reach the goal. We, too, propose to minimize the
amount of information. However, in our problem we do not satisfy

knowngoal or task but we search for the best candidate that max-
mizes the utility. This difference is significant, since in anytime
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How to make decisions when faced with dynamically changing
information is an important problem. Do you stop at a particular
point and make the best decision you can, given the information
you have so far, or do you wait until more information arrives so
you can make a better decision? When there is a cost to waiting,
this problem becomes nontrivial. As an example, consider a meet-
ing scheduling system. Determining the best time for a meeting
could depend on many factors like other meetings, location and
attendees. Typically, these factors may change dynamically. The
longer one waits, the more information becomes available, and the
higher the probability of choosing the best time. However, waiting
to make the decision could be associated with a cost, for instance
because the chosen time slot might no longer be available. The
challenge of this research is to determine the best time to make the
decision, i.e., the time that maximizes the utility (which increases
in the certainty of the information) and minimizes the cost.

In this paper, we develop a model for representing the arrival of
dynamic information and its influence on the utilities of the can-
didates. We present an optimal algorithm that guarantees the bes



factors like time, cost of delay and quality of solution. In our work, DEFINITION 3 (CANDIDATE TREE). A candidate tree gtfor
on the other hand, we do not propose to investigate the right time candidatec; is a tree in which the internal nodes are timed vari-
for a computation task, but rather we plan to find the right time to ables. The variable corresponding to the nodis denotedX (n).
increase the likelihood of the selection of the best candidate. The edges out of the nodeare the possible assignmentsXqn).
Another series of papers that address decision making under un-Each edgeX = z is labeled by its probability, denoted X = x).
certainty relate to multi-attribute decision making (MADM) [16, A leafn is labeled by its utility/(n).
3]. In MADM, the decision maker evaluates the candidates’ out-
come based on given attributes. There are several works relat-
ing to MADM under uncertainty, but most of them do not deal
with attributes that change dynamically. For instance, Keeney and
Raiffa [11] address uncertainty of the utility function. Lahdelma
and Salminen [12, 13] focus on measurement of uncertainty at-
tributes. Many works ([15, 10, 9]) deal with incomplete informa-
tion about the attributes’ weight. The challenge in this paper is,
however, to determine the best candidate when the attributes (in
our terms information) are changing dynamically.
Finally, the tradeoff between uncertainty and cost relates to the

The nodes along a path in the tree must be in increasing order of
time. The variables appearing @ are denoted by;. Candidate
¢;'s utility depends on those variables. The variable sgade the
union of all the candidates’ set¥” = | J, V;. Two candidates can
be affected by the same timed variable; we call such a variable a
common variablelf a variable is a common variable, it must have
the same time stamp and probability distribution over assignments
in all trees in which it appears. The interest decreasing, for ex-
ample, is a common variable since bethandc, are affected by
it.

optimal stopping problem (OSP) [2, 14]. In both problems the chal- vy,t=1 Vo t=2

lenge is to determine when to stop the process so as to maximize 206 =207

the utility. However, there is a basic difference between the two. V3,t=3 Vat=4 Va,t=3 Vs t=4
The decision we obtain in our problem is based on multiple alter- Oﬂz wl Omz w(}
natives, while in OSP, when to stop is made only for one alternative.

Multiple alternatives increase the complexity exponentially. 0.8 055 06 065 075 0.4 07 0.45

3. MODEL DESCRIPTION Figure 1: Candidate treect;.  Figure 2: Candidate treect,.

To motivate the model we use an example of a simple stock mar- ) . .

ket. Assume an agent's goal is to buy the best stock among three F19ures 1 and 2 present two candidate trees. For instance, the
stocks €1, c2,cs). The current value of each stock is obviously variable labeledvs,¢ = 3 in ct represents variable; at time
known but will change over time. For instance, stoeksand c; t = 3. The probability of its left edge i8.8 and of its right edge is

may be affected by the interest decreasing in Februamay also 0.2. The valued.8 in the left Ie_a_f_ofctl represents t_he utility of the

be affected by the publication of the company’s balance sheet in Path {v1, vs} through probabilities).4 and0.8. This root to leaf
April; the same fore; in March. Finally, co’s value may be af- pe_lth represents one possno_lllty of assignments sequence that deter-
fected by a launching of a new technology in May and at the same MinNes the utility of the candidate. Variahle represents a common

time ¢5's company is expected to sell real estate that may influence Variable fore, andc, For this reason, their outgoing edges have
the stock value. the same probability distribution. We assume that different vari-

The agent cannot evaluate the influence of the future events onables are independent, and the only interaction between different

the stocks for certain, but with some probability. Obviously, the Ccandidates is via common variables. _
sooner the agent makes the decision the less it loses by not investingi_| The utility of a candidate is known for certain only at the leaves.
its money. On the other hand, the more time it waits the more infor- HOWeVver, the expected utility of a candidate can be calculated at

mation it gathers by knowing the outcome of the expected events, @Y depth and will consider the subtree from that depth. The ex-
and the more certain decision it could make. pected utility computation can be trivially implemented by a re-

In our model, each decision will be designated byaadidate cursive function. The expected utility of a leaf is its utility; for
and throughouf the paper we will refer to the candidateCset an internal node it is the expectation of the expected utilities of its
{c1,¢2,...,ca}. A candidate’s utility depends on dynamically ar- ~ children. Formally:

riving information. We represent the dynamic information by ran- DEFINITION 4 (EXPECTED UTILITY). Given a node: € ct;,
dom variables. The most fundamental entity isagiable the function€i4(n), returns the expected utility of
DEFINITION 1 (TIMED VARIABLE ). A variableconsists of a
discrete, finite random variabl& taking valuesrs, ..., z,, and a EU(n) = U(n) nis aleaf
time stamd’(X). > p(X(n) =x:)€U(n;) otherwise

An example of a variable is the interest decreasing in the stock  wheren,; represents the successor nodeafa assignmenk =
domain, whose time stamp is 1 (assuming January is 0). Each vari-x;.

able is associated with a probability distribution over outcomes. For instance, the expected utility of the root in Figure 10ist «

(0.8 x0.84+0.2%0.55) + 0.6 % (0.9 0.6 + 0.1 %« 0.65) = 1.77.

The expected utility is only an estimate of the real utility, based
on the information known at the current time. Waiting to the next
time reduces the uncertainty about the candidates’s utilities and
hence increases the chance to make a good decision. However,
waiting incurs a cost.

DEFINITION 2 (ASSIGNMENT). If X is avariable, arassign-
mentto X is an outcome:; of X. Two sets of assignments aen-
sistentif they do not contain different outcomes of the same vari-
able. A timet global assignmentlenoteds*, is an assignment of
values to all variables whose time stamp is less than or equal to

Each candidate’s utility depends on a set of variables. We repre- DEFINITION 5 (cosT). Each assignmentis associated with
sent the way the utility depends on these variables by a tree. a waiting cost, denotedS7 (a).



The cost of a node is the sum of the waiting costs of assignments Stop nodes, where the decision maker has stopped and chosen one
in the path to the node. of the candidates.

DEFINITION 6 (PATH). Given a noden € ct;, the function Wait nodes, where the decision maker has decided to wait.

PTH(n), returns the set of assignments in the roottpath. ) ] ) ] )
Each node is marked with a time stamp. Edges leading out of wait

The cost of nodeis Y_, CST (z; € PTH(n)). The expected ~ nodes are labeled by conjunctions of assignments. Every node in
gain is the difference between the expected utility and the cost: ~ the tree is marked by a set of assignments, which are the assign-
ments on the path leading up to the node.
DEFINITION 7 (EXPECTED GAIN). Given node: € ct;, The tree is constructed as follows:

GN(n) = EU(n) — Z CS8T (z; € PTH(n)) 1. The root is a decision node with time stamp 0.
j

2. The children of decision nodes with time stamgre the wait
node with time stamp, and all the stop nodes for all candi-
There is a tradeoff between between the first componegG\6f dates with time stamp. If ¢ is the final time step, no wait
the expected utility, and the second component, the waiting cost. node child is included.
The challenge of this paper is to present algorithms to find the time
that maximizes the gain. One might be tempted to define the op- 3. Stop nodes are leaves of the tree. The label of a stop node is

timal decision problem as finding in advance the best time to stop, the gain of stopping and choosing that candidate, given the
and when that time is reached choosing the candidate with the high- assignments that have happened so far, and taking into ac-
est expected utility at that time. However, this is incorrect. Such a count the cost of waiting until that time. However, the cost
definition amounts to determining the stopping time in advance, be- is not equal to the sum of costs of all assignments in the path
fore any assignments have happened, and using the same stopping leading to the node in the optimal tree, because assignments
time no matter what assignments happen. Instead, the decision of that are not part of the candidate tree of the winning candi-
whether to stop at time 2 may depend on assignments that happen date are not considered. Instead, if the stop node corresponds
at time 1. Therefore we define a policy to determine what to do in to noden € ct;, the value of the node i8N (n) (Definition
all situations the decision maker might face. 7).

DEFINITION 8 (POLICY). A policy is a functionw : G — 4. The children of a wait node with time stampre determined
{stop, wait}, whereg is the set of all global assignments as follows:

If the policy specifies to stop, the decision maker also needs to (a) Let A be the assignments on the path leading to the
decide which candidate to choose. Since this decision is simple we node.
do notinclude it in the definition of a policy. (b) Let V; be the timed variables in candidate taewith

One option to represent our problem would be to use Markov time stampt + 1 such that all assignments on the path
Decision Processes (MDP). In such a model, the states atttime to V; in ct; are inA.
would be the timé global assignments, and the actions would be
to either select the best candidate at that time, or wait one more time () LetV = U, Vi.
step. The transition function from a timetate to a time + 1 state (d) For eachoint outcome of the variables i, the wait
for a wait action would be given by the product of the probabilities node has a child, labeled by the set of assignments com-
of the timet + 1 assignments. A stop action leads to a terminal prising that outcome. The child is a decision node with
state in which a reward is received equal to the gain of the winning time stampt + 1. The branch to the child is labeled
candidate. by the product of the probabilities of those assignments

The usual advantage of an MDP formulation is to be able to use (since we assume the variables are independent).

dynamic programming methods like value iteration and policy it-

eration. However, in our problem dynamic programming has no ~ Once the tree has been constructed, it can be evaluated using a
benefit because the same state cannot be reached by different path§imple bottom-up process. The gains at the leaves, i.e. the stop
and the number of states is exponential in the total number of vari- Nodes, have already been calculated. The gain of a wait node is the
ables in all the trees. One of the methods to address large MDPs is€xpectation of the utilities of its children. The gain of a decision
factored MDPs [1, 5]. This approach is not viable in our domain node is the maximum gain of its children, and the optimal decision
because the utility of stopping is a maximization over the utilities is the one that leads to maximal gain. The decision tree is generated
in all the trees, which depends on all the variables. As we will show and evaluated in advance, before any assignments have happened.
in Section 5, there is a special structure in our problem that is not Its solution represents a policy (Definition 8).

readily apparent in the MDP or factored MDP formulation. Figure 3 presents the optimal decision tree for a decision prob-
lem with candidate treest; (Figure 1) andctz (Figure 2). The
4. OPTIMAL ALGORITHM axis on the right of the graph represents the time horizon of the de-

. ) o cision. The rectangle nodes represent decision nodes, the shaded

The optimal gain can be calculated by a decision tree approach. g|jipse nodes represent wait nodes and the empty ellipse nodes rep-
The optimal decision tree merges the candidate trees into a singleyggent stop nodés. The stop nodes come in pairs, one for each
decision tree whose depth is the maximal time of the variables in 5ndidate: the node for is on the left. The numbers in the nodes

thedcandidate trees. In this decision tree, there are three kinds Ofrepresent expected gains, computed using the bottom up algorithm.
nodes:

. . . " . To keep the figure readable, the stop nodes at the final time do
Decision nodes,in which the decision maker must decide whether not have ellipses. Also, we have omitted assignment labels on the
to stop or to wait, and if to stop, which candidate to choose. edges.
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Figure 3: Optimal decision tree for ct; and ct; candidate trees.

We used the cost function in which the cost of every eveftasg, are no common variables, every path in one candidate is consistent
so the cost of reaching a leaf(s04 (since two events happen on  with every path in another candidate. Thus the optimal tree will
the path to every leaf). contain a path corresponding to every combination of paths in all

For example, consider the dashed triangle on the right hand sidecandidates. Let the maximum size of a candidate tre®/tsnd the
of the figure. The root of the subtree shown in this triangle is a wait number of candidates be Then the worst-case size of the optimal
node with time stamp 3. In determining the children of this node, tree isO(M™).
we consider all variables in the candidate trees with time stamp  Now, consider the opposite extreme, where all candidates share
4. There are two such variables, for candidatec; andvs for the same variables. One might think that in this case the size of the
candidatecs. We need to split on all joint outcomes of these two optimal decision tree is polynomial in the number of candidates.
candidates, so the wait node has four children. Each of these chil-Unfortunately this is not the case. The problem is that even though
dren is a decision node with time stamp 4. Since this is the last time the candidates share variables, the variables may appear at different
stamp, these decision nodes only have stop nodes as their childrenplaces in the trees. To illustrate, suppose we have two candidates
For a second example, consider the dashed triangle on the leftct; andcty with three variablesn, v2 andwvs. i is the root in
hand side of the figurevs is a common variable; although both  both candidates. Iat;, v2 is the left child ofv; andvs is the right
candidates split on a variable at this point, since it is a common child, while in ct, it is the other way around. The paths, =
variable we only need to split on the outcomes of a single variable left, v. = left] and[v, = left, v2 = righ{] in ct; are both consistent
in the optimal tree (the only two consistent paths). Thus common with [v1 = left,vs = left] and[v1 = left,v3 = righ{] in ctz, so
variables can help make the optimal tree smaller. we have to consider all their combinations in the optimal tree and
In bold we have shown one particular course of events. At the the complexity remains exponential in the number of candidates.
decision node at the root, the gain of the wait node child (0.67) is It is clear that this example can be extended to arbitrarily many
higher than that of the best stop node child (0.66) so the agent waits.candidates by widening the trees.
Then, in this course of events, the assignmant= left happens. The best-case scenario is where all candidates share the same
At the next decision node child, the gain of stopping with candidate variables in the same order. In this case the size of the optimal tree
c1 (0.73) is as high as that of waiting (0.73), so the agent may stop grows polynomially in the size of the candidates’ trees.
and chooses; .

Assume the sequence of assignments happened as showninbol. SOLVING EACH CANDIDATE SEPARATELY

|nhthe flgu5e76Thl\|ls Ieags eventuz;lly tﬁ a leaf node whose %a'n 'S The optimal algorithm presented in Section 4 considers all can-
S ; own as ote, however tkatL IS dgaln mcol\rlpora:‘ef]t € COStyijates simultaneously. In this section, we develop an alternative
of waiting two assignments to make the decision. Now, if the agent algorithmic framework, in which the candidates are considered sep-

had been omniscient and known the outcomes of variables in ad-pa4e\y * This alternative viewpoint will lead us to more efficient
vance, it would have obtained gain 0.8, since it would not have to heuristic algorithms in Section 6.

wait at all. For a realistic agent who stops in time 1, the gain for
choosinge; is0.8 —0.02 = 0.78 (since one event has happened).

To determine the complexity of the optimal algorithm, consider
first the case where there are no common variables. Since there

The main idea behind the alternative framework is that each can-
didate makes a separate contribution to the overall utility. Specif-
ically, a candidate only contributes to the overall utility when the

candidate actually wins. Thus we can estimate the value of reach-



ing a node in a candidate tree in the future by the expected gain of Some global policies are not compatible with any set of local
the node times the probability that the candidate will win given that policies, and some sets of local policies are not compatible with
the node is reached. any global policy. For a set of local policies to be compatible with

a global policy, if the same sequence appears in more than one of
the candidate trees, all the local policies for those candidates must
make the same decision for that sequence. If this does not hold,
there can be no global policy that agrees with all the local policies.
For a global policy to be compatible with a local policy, it must
make the same decision for all global assignments that are consis-

DEFINITION 10  (RELATIVE EXPECTED GAIN). Therelative ex- tent with a local sequence appearing in one of the candidates. If

pected gain of node in candidate tree gtis G\ (v) Pr(c; wingv). this does not hold, the global policy will specify multiple decisions
for the sequence. In the case that we have a global policy and com-

patible local policies, we show that computing the expected utility

In the alternative framework this value is estimated by construct- jn the optimal and candidate-based algorithms produces the same
ing a separate decision tree for each candidate as follows. The in-resylt (see the proof in the Appendix):
dividual candidate decision trees are generated in a manner similar
to the optimal decision tree, except thatative expected gainis THEOREM 1. Letw be a policy andry, ..., m, a compatible set
used instead ofxpected gain Each of the decision trees for each  of local policies. LeGA/ () denote the expected gain of polizy
of the candidates is solved in a manner similar to the optimal tree. as computed in the optimal decision tree, anddét’; (w;) denote
At this point, if we consider the stop values at time 0, exactly one the expected gain of local poliey; computed in the decision tree
candidate will have probability 1 of winning and all others will have constructed for the candidatg by the alternative algorithm. Then
probability 0, since there is no uncertainty about which candidate GN (7)) = Y, GN (7).
will be chosen if the decision is taken immediately. Therefore the . . o . . .
agent can compare the expected gain of the immediately winning _ ' S result yields insight into the operation of the approximate
candidate with the sum of the values of the wait node children of &/gorithm. Splitting up the calculations into the individual candi-
the roots of all the trees. Intuitively, the value of a wait node for date trees is in fact correct. What makes this algorithm approx-

a candidate estimates that candidate’s contribution to the benefit offMate is that by focusing on local policies, and then extracting a
waiting, so if the sum of the wait values is greater than the maxi- 9/00al policy from those, it forces a different set of policies to be
mum immediate expected gain, that means that the total expecteocons'dered when considering the expected gain of waiting until a

gain of waiting is greater than the expected gain of stopping, in this N°d€ is reached in the future. On the one hand, it does not allow a
case the decision will be to wait. Otherwise, the decision will be to 9€cision for an individual candidate to depend on assignments that

stop and choose the candidate with the highest expected gain.  °Nly affect other candidates, which may cause the algorithm to miss
If the agent decides to wait, some assignments will happen. At possibilities Fhat would give it hlghe_r utility anc_i underestlm_ate the
this point the decision trees need to be recomputed. Some parts ofXPected gain. On the other hand, it allows different candidates to
the candidate trees will be inconsistent (see Definition 2) with the Make incompatible decisions in the future, which might cause it to
assignments. Therefore the candidate trees can be pruned only t&verestimate the expected gain.
include the consistent assignments. This may change the probabil-
ity of winning, because the event of winning at some future node is 6. COMPUTING PROBABILITY OF WIN-
conditioned on the assignments that have already happened. NING
Before analyzing the algorithm we present some definitions. The
first definition describes the relationship between a global assign-
ment and a path through an individual candidate tree. Intuitively,
the projection of a global assignment onto a candidate is the path
in the individual candidate tree resulting from that assignment.

DEFINITION 9 (PROBABILITY OF WINNING). Letn be anode
in candidate tree gtwith time¢. The probability of winning for;
at n, denotedPr(c; wingn) is the probability that the expected
utility of n is greater than that of every other candidate at titne
given the assignments on the path leading fo

A key step in the candidate-based algorithm is computing the
probability that a candidate wins, given that a certain node in the
candidate tree is reached. To compute the probability of winning,
we note that:Pr(c; winsin) = Pr(/\;_, c; beatsc;|n) .

In principle, the events on the right hand side of this equation are

DEFINITION 11 (PROJECTION. Theprojectionof atimet global not independent, since the different candidates may share common
assignment? onto candidate:;, denoteds?, is the maximal path variables. Therefore, if were to compute this probability exactly,

of assignments through;ctuch that each assignment isdfi. Such the complexity of the algorithm might still be exponential in the
a path is called docal sequenceThe set of all global assignments ~ number of candidates. Therefore we need to approximately com-
whose projection i is denoted by’ (o}). pute this probability. The simplest approximation is to assume the

o ) ) ] events of beating different candidates are independent. So we get
The next definitions describe the relationship between a global

policy and a set of policies for individual candidates. Pr(c; wins|n) =~ H Pr(c; beatscj|n)

DEFINITION 12 (LOCAL PoOLICY). A local policy for candi- 7

datec; is a rule that dictates either stopping or waiting for each Now, to computePr(c; beatsc;|n), we consider nodes; in ct,
local sequencer!. For contrast, we will sometimes use the term that are consistent (see Definition 2) with Not all such nodes

global policyto mean a policy. are considered; they must have the right time. Let the time stamp
. ) of the variable at node bet. A node has the right time if its
DEFINITION 13 (COMPATIBLE). A global policy is com- variable’s time stamp is at least as great,aand its parent’s time
patiblewith a set of local policies, ..., m, if, for every global as-  stamp is not. This means that the node’s variable is the first thing
S|gnr;nent7 , and the projectiow; for each candidate;, 7(c") = to be decided after time. Therefore, if the decision maker had
mi(03). to make the decision about candidateat time¢, it would use

2\We assume that ties between candidates are broken in a consisterihe expected gain of the subtree rooted at that node. We will use
manner. ok(n;|n) to indicate that:; is consistent wittn and has the right



Decision TimeHorizon

0
0550 @ l
1
(0.59) 0 @
03~ 07
A/ \A 2
’/|@ lo1d
(©0:68)040 (0.37) (0550
v
08 02
3
(0.75) 0.46 (0.46) (0.4)0 (0.55) 0.04
1 1 06
048 4
(0.75) 0.46 (0.4)0 (0.7)0.45 (0.45)0

Figure 4: Candidate decision tree for candidatec;.

time. For each such node, if the expected utility of» is greater
thann;, we addn;’s probability to the probability that; beatsc;.
Formally,

Pr(c; beatscj|n) =
Z('njECtj:ok(nth) andesu(n)>su(n;))
P(njln)

P(nj |n)

x (n;€Ct;:0K(n ;n))

It remains to computé’(n;|n). This is the product of the proba-
bilities of assignments along the pathipthat do not appear along
the path ton.

Figure 4 presents the decision treectf (Figure 2). The leaves
contain two numbers, the first represents the expected utility and
the second (in bold) represents the relative expected gain.

For example, let us compute the relative expected gain of the
leftmost bottom-level node. This node is reached afteandvs
both came out left, and waiting till = 4. At this point, there are
three nodes iret; consistent with this node, with utilitie® 8, 0.6
and0.65. This node, with utility0.75, beats the latter two nodes,
whose total probability i.6. The total probability of all nodes
in ct; consistent with this node 8.6 + 0.4 * 0.8 = 0.92, so the
probability of winning is0.6,/0.92 = 0.65. To compute the relative
expected gain of this node (see Definition 10), we multiply the gain,
which is0.75 — 0.04 = 0.71, by the probability of winning, to get
0.46.

If we compute the decision tree of candidatetoo, we find that
the optimal choice at time O is to wait. Suppose that variable
determined at = 1, came out left. The decision trees are now
updated. Candidat&’s tree is pruned so that it only includes the
subtree rooted at;. Consider, for example, the third leaf of,
in Figure 2, whose utility i9.7. In estimating its probability of
winning, we see that candidate will have, at this time, utility0.8
with probability0.8 and utility 0.55 with probability0.2. Thuscz’s
probability of winning is0.2 (in which 0.7 > 0.2). Now consider
the leftmost leaf in Figure 2, with utility).75. Becausevs is a
common variable, the only node @t; consistent with this leaf is
the leftmost leaf in Figure 1, with utilitp.8. Thusca’s probability

of winning is now 0.

If we use this approximation of the probability of winning, the
complexity of our heuristic algorithm is only polynomial in the
number of candidates since we build a decision tree for every candi-
date separately. To be precise, again let the maximum size of a can-
didate tree bé// and the number of candidates heWhen evalu-
ating each candidate tree, we must compute probability of winning
at O(M) nodes. For each such node, we perform a summation
overO(M) nodes in each of the other candidate trees. We must do
this for all n candidate trees. Thus the total cost of the algorithm
is O(M?n?). This compares favorably t©(M™) for the optimal
algorithm if the number of candidates is large.

Assuming complete independence between the candidates is only
the simplest possibility that results in the fastest runtime. An al-
ternative is to compute the probabilities exactly, perhaps using an
algorithm such as variable elimination. In the worst case this com-
putation is exponential in the number of common variables. One
might therefore try alternative ways of approximating the proba-
bility. We do not go into these alternatives in this paper, but note
that our framework is general enough to accommodate many such
approaches. Finally, we remark that in the case where there are no
common variables, assuming independence is exactly correct, but
the algorithm is still a heuristic for the reasons described in Sec-
tion 5.

7. EMPIRICAL EVALUATION

We evaluated our algorithms considering two metrics: runtime
and the utility of the candidate. To normalize the utility, we divided
it by the utility obtained by an omniscient agent with no cost. We
compared the optimal algorithm to the heuristic algorithm in which
the probability of winning is computed assuming the events of beat-
ing all candidates are independent. We also compared them to two
baseline algorithms: (1) stopping strategy: the agent determines
the winning candidate at the beginning based only on the expected
utility; (2) waiting strategy: the agent determines the winning can-
didate at the end based on full information.
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Figure 5: One third common variables: Runtime over the num-
ber of candidates.

We conducted a simulation inspired by the stock market with a
wide variety of conditions. The utility of each stock was evaluated
by its profit. The timed variables were represented by economic
events like interest decreasing that influence the stocks’ value. We
ran simulations with both common variables and independent vari-
ables. The waiting cost of all assignments was fixed to a constant
K, representing the cost of waiting one time unit. In the simulation
we fixed K to be two orders less than the expected value of the
stocks.
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Figure 7: All common variables: Runtime over the number of Figure 9: No common variables: Runtime over the number of
candidates. candidates.

We simulated varying stock market settings, in particular we var- decreases significantly by two orders compared to the environment
ied the number of stock candidates (2-30), the time horizon of the with one third common variables and is even faster than the heuris-
economic events and the constant dgstFor space limitation, we ¢ (Figure 7?-_ However, its utility slightly decreases and the util-
present only a subset of the results. In these results, we fixed thelty of the heuristic slightly increases (Figure 8). On the other hand,
time horizon to four time units. and the constant coskto= 2.8. the runtime of the optimal algorithm significantly increases in en-
In the context of the stock market simulation the meaning is that for Vironments withno common variables, much more even than the

each time unit of one month the cost of waiting is a loss of $2.8K, €nvironment with third common variables (Figure*®nd in fact
where the maximum profit is $100K. we could not run it with more than seven candidates. In Figure

We set experiments in which a third of the economic events are 10 we can see the same tendency as in the other environments that

common variables. We measured the runtime to compute when tothe quality of the heuristic is better than the baseline algorithms
make the decision and the quality of the decision. Figure 5 presents@nd close to the optimal. We have obtained similar results in other
the runtime in milliseconds over the number of candidates. Each conditions of costs and time horizons.

data point is an average of 900 tests. As analyzed in Section 4 the

runtime of the optimal algorithm grows exponentially in the num- 8. S_UMMARY AND FUTURE WC_)R.K ]
ber of candidates but only polynomially for the heuristic algorithm. I this paper we presented the problem of finding the best time
Figure 6 presents the quality of the decision over the number of 10 determine the winning candidate in an uncertain environment

candidates. The heuristic algorithm is better than the baseline algo-Where information about the candidates arrives dynamically. We
rithms and close to the optimal algorithm. proposed a model to represent the arrival of dynamic information

To illustrate the results in the context of the stock market, the and its influence on the utilities of the candidates. We presented an

agent. The optimal algorithm for 14-18 candidates achieves 95% the best time and candidate. We analyzed the algorithmic frame-
of the maximum. For the same number of candidates the heuristic WOrk to thoroughly understand the source of its approximation. We
achieve®2.5% which is less by$2500 than the optimal algorithm. ~ €mpirically showed that although the simplest heuristic algorithm

However, the stopping and the waiting baseline algorithms achieve 3At the end of Section 4 we showed that the complexity of the opti-

only 88.5% which s less b)$650_0 than_the optimal. . mal algorithm is exponential even in case of all common variables.

‘We have further run our algorithms in two extreme environments owever, here we run experiments where the locations of the vari-
with (1) worst case: no common variables and (2) best case: all ables are the same in all candidate trees. That fact explains the
variables are common and in the same locations in the candidatenon-exponential runtime.

trees. In the last environment, the runtime of the optimal algorithm “All the results are statistically significant.
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m;) is denotedl’ () (resp.T'(m;)).
Proof of Theorem 1: On the one hand, we have

GN (m) =
Zt theT(w)(maXU(cilgt) - CST(Uztirg maxXy (|t ))P(Ut) =
2t oter(m 2i(Ulcilo") = CST(a7))[ci wins|o*]|P(o")

where].] denotes the indicator function. Here we have used the fact
thatc; wins if and only ifc; = arg maxy (., ¢, Somax U (c;|o") =
>, Ulcilo®)[e; wins|o*]. On the other hand, we have

gNi(Wi) =
>, ZozeT(m)(U(cﬂaf) — CSTo!)P(c; wins|o})P(of) =
22t 2 oteT(n;) 2uoteC(ot) (U(eilof) = CST (7))
[e; wins |o*] P (")
5 Sorcrn (Uleilot) — CST (o) [es wins o' P(o)

The second line holds because the probabdjtyins for a given
local sequence! is the sum, over all possible completionscdf
into a global assignment’, of the probabilityc; wins fors*. Those
global assignment are precisely those whose projectiot.is

the probability that; wins is precisely the sum of the probabil-
ities of global assignments such that it wins. The third line uses
the fact that for compatible policies, a global assignmenton-
sistent witho! is in 7(r) if and only if of is in T(r;). It also
uses the fact that the utility of; is determined only byct;, so
Ul(cilot) = Ul(c;|o*). From the last line, we have

Z—L‘ QM (7r7) = .

> 2 Yosten(m (Ulcila’) = CST (a7))[ei wins|o' ] P(a")

Y D gterim 2oi(Ulcilo’) = CST (a7))[ei wins|o'] P(o")
GN(m) 1



